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Abstract. The Kadometsev-Petviashvili (KP) and modified KP (mKP) equations are retrieved from the
first two soliton equations of coupled Korteweg-de Vries (cKdV) hierarchy. Based on the nonlinearization of
Lax pairs, the KP and mKP equations are ultimately reduced to integrable finite-dimensional Hamiltonian
systems in view of the r-matrix theory. Finally, the resulting Hamiltonian flows are linearized in Abel-Jacobi
coordinates, such that some specially explicit quasi-periodic solutions to the KP and mKP equations are
synchronously given in terms of theta functions through the Jacobi inversion.

PACS. 02.30.IK Integrable systems — 02.30.Jr Partial differential equations

1 Introduction

Integrable models play a prominent role in theoretical
physics. The reason is not only the direct phenomenolog-
ical interest of some of them, but also the fact that they
often provide some deep insights into the mathematical
structure of theory in which they arise. Up to now, the
(1+1)-dimensional integrable models are well understood
due to many systematic methods such as the inverse scat-
tering transformation, the dressing method, the Darboux
transformation and the algebro-geometric method [1-7].
However, studies of the (2+1)-dimensional cases are fewer
in number and such systems are being actively investi-
gated from different viewpoints. Recently, it is worthwhile
to mention that the nonlinearization of Lax pairs [8,9]
has been generalized to study multi-dimensional nonlin-
ear evolution equations consisting of three steps: decom-
position, linearization and inversion of the flows [10-15].
The most important message relating to the progress of
this manipulation is that compatible solutions of soliton
equations naturally give rise to the solutions of (2+1)-
dimensional nonlinear evolution equations [16,17].

In this paper the well-known KP [18] and mKP [19]
equations are simultaneously studied from a different de-
composition and generalized treatment. The main ob-
jective is to display their underlying linear behavior on
a Riemann surface of hyperelliptic curve, and further
give some new quasi-periodic solutions exhibiting the
characteristic of Liouville integrability. This current pa-
per extends the above-mentioned fruitful method [10-15]
deriving quasi-periodic solutions for multi-dimensional
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nonlinear evolution equations. Here the techniques in-
volved are the theory of algebraic curves, the r-matrix the-
ory and the nonlinearization of Lax pairs. In particular, it
is in this constructive framework that the KP and mKP
equations can be settled simultaneously with the help of
the cKdV soliton hierarchy. Details of the organization
of the present paper are as follows. In Section 2, the KP
and mKP equations are recovered from the first two non-
trivial members in the cKdV soliton hierarchy. This im-
plies that (2+1)-dimensional systems are decomposed into
(1+1)-dimensional systems that are easier to treat with
some available tools. Section 3 further reduces the corre-
sponding (141)-dimensional systems into integrable finite-
dimensional Hamiltonian systems (FDHSs) by means of
the Bargmann constraint. In Section 4, Abel-Jacobi co-
ordinates are introduced to straighten out the resulting
Hamiltonian flows, indicating their underlying linearities
in the form of Abel-Jacobi variables. The Jacobi inversion
for writing out theta function solutions to the KP and
mKP equations is the subject of Section 5.

2 An alternative construction of the KP
and mKP equations

In this section, we briefly recollect some necessary formu-
lae and deduce the KP and mKP equations. We start with

the ¢cKdV spectral problem [20,21],
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where ) is a constant spectral parameter; and u, v are two
potentials. Consider the stationary zero-curvature equa-

tion of (2.1),
b
Cj —aj; ’

a b
Ve = [Ua V]a V=
Cc —a
j=0

which are in agreement with
—d+u—200"1 200"t b;
2071 d+u+20"1v ¢ |’

bjiv1)
Cj+1
(2.3)
where 9 = 0/0x, 00~ = 9710 = 1. Designating initial
values by

aj; = *871(1)6]' +bj),

1
ao = o, bop = co = 0,
which together with (2.3) yields
a; = 0, b1 =, Cc1 — 71,
as =v, by =—v,4+uv, co=—u,
az = 2uV — Vg, bz = vUpp — ULV

— 2uv, + ulo + 21}2, c3 = —Uy — u? — 2v,
_ 2 2
a4 = Vggp + 30° — 3uv, + 3uv,
by = —Vppe + UraV + UV + 3UVLe
2 2 3
— 3u v, — 3uugv + 6uv® — 6vv, + u’v,

€4 = —Ugpy — Uty — u® — 6uv. (2.4)

To deduce the cKdV soliton hierarchy, let us introduce an
auxiliary spectral problem of (2.1),
v g

v —
‘/2(1"1) 7‘/1(1"1)

o1, =V,

where

m _ 1 ~  ine
Vlin = §Cn+1 + Zoaj)\ j,
]:

V1(2n) - Z bj)‘nij’
=0

Vit =3 A,
=0

The compatibility condition of (2.1) and (2.5), i.e. @z, =
©t,z, leads to the zero-curvature equation

U, — V™ + [U,VW} =0, (2.6)
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which is the cKdV soliton hierarchy

0 -0 An+1
u — A
(,U)t _<a 0 ) <Cn+1>_Jgn—17 n > 1.
2.7)

After a direct calculation, it is easy to list the cKdV equa-
tion and the next one with y = to and t = t3 respectively,

Uy = —Ugy — 2Uly — 2Up,
Vy = Vggp — 2UgV — 2Uly, (2.8)
Ut = —Ugze — 3(Uly + 2u), — 3uuy,
9 (2.9)
UVt = —Ugga + 3(U0y — u0), — 60V,

Actually the cKdV equation (2.8) is the compatibility con-
dition of (2.1) and

oy = VP,

v _ %)\2 — %ua — %uQ AV — vy + uv
— I 4 Lug + Lu? ’

(2.10)

—-A—u

while (2.9) is the compatibility condition of (2.1) and
vy vy

Ve = 3 3
V3 v

pr =V, . (2.11)
with
3 1 1 3
‘/1(1) = 5)\3+)\U_§u;cx_§uu$_§u — UV — Uy,
V1(23) = 220 — \ug + ANuv + gy — Uzt — 2uvy + ulo + 202,

‘/'2(13) =A% = Au—uy —u? - 2v.

L3

Let u, v be the compatible solutions of (2.8) and (2.9), and

g =u(z,y,t), h = v(z,y,t). (2.12)

From (2.8) and (2.12), a direct calculation delivers

019y = —9a —9* —2h,

8;19212; = Yaax T+ 293% + 49920 + 49° 92 + 8gha + 4g:h,

Oy hy = hy — 2gh,

0y thyy = haye — 492hy — 49has + 899:h + 4hhy + 4g°h,.
(2.13)

Combining (2.13) and (2.9) gives the following

(241)-dimensional nonlinear evolution equations,

1 3. _
gt = _Z(g;cx - 293)£C - Z(ax 19yy — 29,0, 19y)7 (2-14)

3

hy = 3hhy — Z(Tlhyy. (2.15)

*thzz - T

It is remarkable to see that (2.14) is the mKP equation
and (2.15) is the KP equation, which are closely related to
soliton equations (2.8) and (2.9). Noting the compatibility
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of (2.8) and (2.9) in the same soliton hierarchy (we will
return later to the compatibility), it suggests that (2.12)
solves (2.14) and (2.15) simultaneously.

Remark: Though the coefficients of (2.14)
and (2.15) are different from their presentations in
the literatures [18,19]; in fact, they are identical to each
other in view of a simple linear transformation with
regard to the scalars z, y and ¢.

3 The associated Hamiltonian systems

This section applies the nonlinearization of Lax pairs to
the cKdV spectral problem and its auxiliary spectral prob-
lem such that the resulting (2+41)-dimensional systems
are ultimately reduced into three integrable FDHSs. Let
A1, A2, -+, An be N distinct eigenvalues and ¢ = (p;, ¢;)7
be the eigenfunction. We take N copies of the spectral
problem (2.1),

b)) = _%)\j+%u1 ! Pi I<j<N.
G/, L sh—su/\g)/)"  —7° 7

(3.1)

A simple computation provides [21]

T
VA = (0);/0u,0X;/60)" = (=pjqj.a3) . (3.2)

Taking into consideration the Bargmann constraint [8,9],

N

go = ZVA]W

j=1

(3.3)

which gives rise to

u = <q5q>7 v = _<paq>7 (34)
where p = (p1,--,pn)" ¢ = (g1, ,qv)", and ()
stands for the standard inner product in RY. According
to the principle of the nonlinearization of Lax pairs, sub-

mitting (3.4) into (3.1) gives the following FDHS

Pz = —3Ap+ 3(g,a)p + (p,a)g = — 58, 35)
Gz =P+ %Aq, %<q7q>q — 85)07
where A = diag(A1,- -+, An), and
1
Ho = 5((p,p) + {Ap,q) = (p,a)(q: @) (3.6)

Analogously we nonlinearize the temporal parts of the soli-
ton hierarchy. Utilizing (2.10), (2.11), (3.4) and (3.5), it is
not difficult to obtain, respectively,

py = 2A%p— (p.q)p — 3(Aq, 9P
—{p.a)Ag + (p.p)a = G
a =—Ap—{q,q)p fHéAQQ + (p, q)q

+3(Ag,q)g = %It

(3.7)
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with
1 2 2
Hy=—5 ((A%p,q) — (p,q)* — (Aq,q)(p, q)
+(p,p){(q,q) + (Ap,p)), (3.8)
and
_ 143 1 2 2
pe = 5A%p—(p, q) Ap—(Ap, @)p—%(A%q, ¢)p — (p, @) \*q
+(p,p)Ag + (Ap,p)g = — %2,
g = —A?p— (g, q)Ap — (Aq, q)p — 5A3q + (p,q)A\q
+(Ap, a)q + 3(A%q,q)q = &2,
(3.9)
with
Hy = —5((A°p.q) = (Mq ) {p, ) + (0.p) (Mg 0) (5 1
+(Ap, p){(q. @) + (A*p.p)) + (p, q)(Ap, q).

Summing up these discussions, a direct calculation imply-
ing that (2.14) and (2.15) are satisfied by (3.4) with the
help of (3.5), (3.7) and (3.9) is formulated as below.

Proposition 1 Let (p(x,y,t),q(x,y,t))T be the compat-
ible solution of Hy, Hy and Hs. Then g(x,y,t) = (q,q)
solves the mKP equation; h(xz,y,t) = —(p,q) solves the
KP equation.

In what follows, we are in a position to show the Liouville
integrability of the resulting FDHSs. In a similar way to
the treatment of [22], a lengthy calculation gives the fol-
lowing Lax equations, which play an important role in our
argument.

Proposition 2 The FDHSs (3.5), (3.7) and (5.9) admit-
ting a Lax representation L(\) enjoy Lax equations, re-
spectively,

Lx()‘) = [U,L()\)],

(3.11)

7@ _
(%/\2 —(p,q) — 35(Aq,q)  —Ap,q) + (p,p) )
-A—{q,q) —3A+ () + (Mg, q) )

(3.14)
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and
Ve =
~)2 = Mg, q) - (A, q) ~

_ 1 1
W?ZgV*MAQ*Mn®*5M%A%

To prove the Liouville integrability, we first recall some
fundamental concepts. The Poisson bracket of two func-
tions F' and G in the symplectic space (R?Y dp A dq) is
defined as [25]

{FaG}:
i(@j%ﬁi@)_@j %>_<8_F %>
= \04; 0p;  9p; Iq; dq’ Op op’ 0q /"

An immediate consequence is that (3.5), (3.7) and (3.9)
can be rewritten as, respectively,

Pz = {paH0}7 qz = {q7H0}7
py:{paH1}7 Qy:{Q7H1}a
Pt = {paH2}7 qt = {q;HQ}'

Denoting the standard notation [23] by
Li(A) =LA @1,  La(p) =1® Lp),
where I is the 2 x 2 unit matrix, and

{L1(N), La(p) Y5 = {Ly(A)"™, La()*" } .

Therefore, in the standard symplectic structure
(R2N dp Adq), it is not difficult to check that L(\)
satisfies a classical r-matrix formula

{Ll()‘)a LQ(N)} = [7‘12()\, M)a Ll()‘)] + [TQl()‘a /J), Ly ((:u)]’

3.16)
where
o= 2 P+Q rgg = ——P+Q (3.17)
127/1_)\ 12, 21 — _)\ 21, .
with
1000
0010
P=10100|"
0001
010 0 00-10
000 0 000 1
Q= g00-1[“1=]000 0
000 0 0000
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From [24], it is immediately shown that

{det L(\),det L(u)} = 0. (3.18)
On the other hand, det L(\) can be rewritten as
N
1 E;
LX) ===\ : 1
det L(A) = —7 A +;A_Aj, (3.19)
where
(g — pigy)’
— 2 2 9 — Pidj
%—m+%m%—@m%+l2;—j;jrﬂ
i=1,i#j
j=1,2,--- N
From (3.18), it is clear that

Simply taking Fy = Z;vzl )\?Ej, it is known that all
Hamiltonian systems (R2Y, dp Adg, F},) are completely in-

tegrable in the Liouville sense. Noting that

1
H2 = __FQ)

1
le__Fla )

1
Hy = - Iy, 5

2
we conclude the following theorem.

Theorem 1 The FDHSs (3.5), (3.7) and (3.9) are com-
pletely integrable in the Liouville sense.

Note. Due to the involutivity of Hy, Hy and Hs, the
corresponding flows mutually commute [25]; this grants
the compatibility of (3.5), (3.7) and (3.9).

4 Straightening out the Hamiltonian flows

Firstly we introduce two sets of elliptic coordinates

Wi, 2, uny and vi,ve,--- vy for the integrable
FDHSs (3.5), (3.7) and (3.9) from L()\) [26,27],
N p’ m(\)
B()\) = —<p,q> + Z Aij)\j - _<p;Q> a()\) 9
j=1
N o (4.1)
C) =~-1- 2 a = a0k
J=1
where
N
a) = [T - M),
k=1
N
m(N) = [T = m),
k=1
N
n(\) =[x = w) (4.2)
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Resorting to (4.1) and (4.2), it is easy to calculate that

(4.3)

=01 — 0, <Q7Q>:0’70—2a

N

N N
g = E )\j, g1 = E Hj, g9 = E Vj.
j=1 j=1 j=1

Noting (2.12) and (3.4), a simple calculation delivers

g= —03+o0, Olnh = o1 — 09. (4.4)

The combination of (4.1) and (4.2) also implies that

VI(QQ):’U()\f(HJrU), ‘72(12):7)\%»02707 (4.5)
1:/1<23> =v(A2 = (A +0)(o1 —0) — G+ 1), (4.6)
) = =X+ (A +0)(o2—0) — 2+ 7,

where

N
=Y AN,
i,j=1,i(j

i,j=1,i(j i,j=1,i(j
(4.7)
To go on, let us define
b(A) R())
det L(\) = —A(\)? = B(A)C(\) = — =—
L) = ~AW = BO)CW) =~ =~
(4.8)
where
N+2
b(A) = [T (A= Ana),
k=1
IN+2
R(A) =a(Mb(\) = [T =)
k=1
Recalling (4.1), we have
R(pk) R(vy)
A = A =X 1<k<N
) 2a(ir) | (Vi) 2a(vr) <
(4.9)
From (4.1)1, it is apparent that
N
ﬁ B < >i_11,_z[';£k(‘uk - ,u'z) dﬁ (4 10)
dr |, P a a(pr) dr '

Appealing to the Lax equation (3.11)1, we derive the evo-
lution equation of elliptic coordinate upj with respect to
the variable z

e _ VR pen

& IZ_V[ (ke — 1)

i=1,i#k

(4.11)

N N
o1 = E Hilts, 09 = E viVj.
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In a similar way, we arrive at
d R
dve __ VEW) 1<k<N. (412)
dx N
[T (=)
i=1,i#k

Analogously we achieve the evolution equations of all p
and v in variables y and t,

(pk—o1+0)y/ R(pk)
N )
[T (ee—pi)
i=1,i%k
(—l/k+0'2—0')\/ R(l/k)
N k)
1 (wk—wi)

i=1,i#k

dpk _
dy

1<k<N, (4.13)
dvy
dy

VR
e #(M% — (i +0)
Rignr
i=1,i#k
X 0170’)75’4’5’1),
= (2 (nto)
T (wk—wi)

i=1,i#k
X (02—0)—62—1—6),

1<k<N.

(4.14)
Next we are ready to linearize the Hamiltonian flows. For
this purpose let us introduce the Riemann surface I' of hy-
perelliptic curve given by the affine equation £2 = R()),
which is the genus of N. For the same A, there exist
two points (A, y/R(X)) and (A\,—4/R()\)) on the upper
and lower sheets of I'. In addition, there are two infi-
nite points that are not the branch points because of
degR(A) = 2N + 2. Under an alternative local coordi-
nate z = A7! they are viewed as oo; = (0,1) and
ooz = (0,—1). We fix a set of regular cycle paths on I':
ai,as, -+ ,an; by,ba, -+, by, which are independent and
have intersection numbers as

G/ioa/j:biobjzo, CliObj:(Sij7 i’j:172,...7N.

It is known that

- DY AN
w; =
RN

; 1<I<N,

are N linearly independent homomorphic differentials of
I". Defining

Aij :/ Wi, C= (Aij)ila

J

1<4,5 <N, (4.15)

whence, we obtain a new normalized basis w;

N N
Wi = E le@l, /w]': E le
=1 @i =1
N
></ W = E Cit Ay = 64,
@i =1
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and defining

1<i,j<N,

B;; :/ Wi,
b,

J

a matrix that will be used later to construct the Riemann
theta functions of I'. Having a fixed point pg, the
Abel-Jacobi coordinates are defined as

N
1 x,y,t
pg )(Iaya ): Z p‘gk( Y )wj
=
C. [M* ,\l Ld)
Z=:1l2:1 jlf R(A 1<i<N
N (z,y,t) )=
p; )(Iaya ) = = fpok ' w]
g s
CEE e VRO
(4.16)
It is easy from (4.16); to calculate that
(1 _ Nk ,Ukz
0up) ZE:@Zr——
1=1 k=1 k)
N N 171
33 oy
=1 k=1 H (ks — 1)

i=1,i#k

Taking advantage of the following known formulae [2],

z——————f@wﬂ,1§s§N—L
k=1 11'[¢ (ke —pi)
In = U1IN—1, Iny1 =01y —o1In-1.
(4.18)
Therefore,
2.0 =00 o =y, 1< <N (419)
Likewise, we can work out
1 1 1 2
a0 =V, gl =0, (4.20)
2 0 2 1 2 2
Oup? =¥, 0P =V 0l = -0,
(4.21)
where
le) = Cijl + O'Cj]\],
9(2) Cin—2 +0Cjn_1 +0°Cjn — 5C;n.
To summarize, it signifies that p§-1) and p§-2) can be re-
garded as linear superpositions,
P = —Q)EO):E + Q;”y + Q;Q)t + fy{(” L<j<n
§2 Q(O Q(l y Q(2 t+’)/(2 =J =%
(4.22)

with integral constants

N rpk(0,0,0) N uk(OOO)
1 2
LS R o)
Po k=1vPo

k=1
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5 The quasi-periodic solutions

Seen in the above presentation, (4.22) provides the spe-
cially explicit solutions in the Abel-Jacobi coordinates
pM . p@) of the KP and mKP equations. In order to ob-
tain the expression of solutions in the original coordinate
g, h pertinent to the KP and mKP equations, we discuss
the Jacobi inversion procedure,

(p<1>,p<2>> —

Let T be the lattice in CV generated by 2N vectors
{0;, B;}. Then we obtain the Jacobian T(I') = CV/T.
The Abel map A

(ks vi) = (p,q) = (g, h).

A: Div(l') — J(T),

is defined setting

= ([ )

where p is an arbitrary point of I'. Moreover, A can be
linearly extended into arbitrary divisors A(>_ ngpr) =
> npA(pr). From [28,29], the Riemann theta functions
of I' are defined as

0(C) = > exp(mi(Bz,z) + 2mi((, 2)),

z€ZLN
N N

(BZ,Z) = Zi,j:l Bijzizj; (C,Z) = Zi:l ZzCz

(m)

Consider two special divisors Z k1 Pp

¢eCh,

Zp(m) ﬁ:A (m)
k=1 k=1

N (m)
Py
Z/ w = pm), m =12
k=1"Po
where p{") = (ux,C(ux)) and py” = (v, ¢(1)). In ac-

cordance with the Riemann theorem [28], there exist
Riemann constants MM, M®) € CV determined by T
itself such that

o fMN) £ 0(ACN)—pM —MD) has exactly N zeros
at fi1, -+, AN

o fAN) 2 0(ACN)—p@ — MP) has exactly N zeros
at v, ,vnN.

To make the functions single valued, the Riemann sur-
face I' is cut along by all ay, by, to form a simply connected
region, whose boundary is denoted by ~. From the residue
formula, we have

w=ﬁﬂWMW)§HMMMW)

A=005

2 Res Adln f @(N).

A=00g

v; = sz AdlIn f(\) —

T0= 1M

(5.1)
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Following [10], it is known that integrals

—}{)\dln £ / Awj 2 I(T

are constants independent of p(™). The only remaining
requirement is the calculation of residues,

m=1,2,

p

Po

1
X (Csz-i- §(CjN_1 +0Cyn)22 —I—) ,)

= egm)(p(m) + M(m) + 7Ts) + (_1

Po
Tsj = / Wy
s

Consequently,

)s+m9§72)2 N
where

s,m=1,2.

Res AIn fM()) = (-

—OOb

15t oim), (5.2)

where

o =g (—Q<% + Wy + 0@y 4 Ts) :

9 = ¢ (Q“% — oWy @y ¢ A5> ,
with

Yo =" + MY 4y,
Agj = 7](-2) + M]@) + Tsj,

It follows from (5.1) and (5.2) that

N PO N o)
> i =1II)+0:In oL Zylzf(rwaxm%.
=1 1 =1 92

(5.3)
Substituting (5.3) into (4.4), we eventually derive a quasi-
periodic solution of the mKP equation

0(Q0z — Wy — Q@ 4 Ay)
QO z — QW y — Q@ 4 Ay)

g=—0;In
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and a special form of quasi-periodic solution of the
KP equation

0 (—QOz 4+ QWy + Q¢+ 71,)
0 (—QOz 4+ QMy + Q¢+ 7Ty)
0 (202 —QWy — Q3¢ 4 Ay)
“ Q07 — 0y — 0Dt 1 Ay)
0 (QWy + QB+ 1) 9(—QWy — QD¢ + A)
0 (QWy + Q¢+ T5) 0(—QMy — Q¢ + Ay)

h(()? y’ t)?

(5.5)

which is different from the well-known expression
h(z,y,t) = 2020z + Qoy + Qst + Qo) + ho in the
references [5,13].

In conclusion, it is very difficult for a given
(24+1)-dimensional nonlinear evolution equation to be
decomposed into two (1+1)-dimensional soliton equa-
tions in the same hierarchy. Here we recover the (2+1)-
dimensional integrable models of mKP and KP equations
from two soliton equations in the cKdV hierarchy. The
mKP and KP equations are conditionally decomposed into
(141)-dimensional components that are easier to tackle
with available tools. Along with this idea, soliton equa-
tions are further reduced into integrable FDHSs, which
can be linearized on the Jacobian of a Riemann surface.
Appealing to the Jacobi inversion, some special quasi-
periodic solutions to the KP and mKP equations are si-
multaneously derived through a different decomposition to
those previously given in the literature. Meanwhile, this
shows that multi-dimensional nonlinear evolution equa-
tions possess abundant and various solutions from diverse
constructions. Theoretically speaking, some other known
(2+1)-dimensional nonlinear evolution equations can be
similarly studied in this constructive framework. For this
statement, we will provide some other examples in the
near future.
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